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Mean-Field Lattice-Gas Description of the System
CO./H,0

L. A. KLEINTJENS and R. KONINGSVELD

CENTRAL LABORATORY DSM
GELEEN, THE NETHERLANDS

ABSTRACT

The mean-field lattice-gas model in the present form has proven
to be well able to describe nearly quantitatively fluid phase behav-
iour of non-polar and polar pure components and mixtures over a large
temperature and pressure range. In our version of the model it is
assumed that all lattice sites have the same volume, independent of
temperature and pressure,and that every kind of lattice site has a
characteristic interacting surface area. The combinatory entropy
of the system is corrected with an empirical parameter. For mix~
tures the same procedure can be followed and a description of fluid
phase behaviour, based upon the parameters of the pure components
and two binary interaction parameters, appear to come out quite
reasonably.

The systems €Oy, H20 and mixtures thereof are most commonly
used in supercritical extraction. It is shown here that the lattice-
gas model can quite well deal with these systems. Values of the
lattice-gas parameters have been derived in the outlined manner and
predict the second-type gas-gas demixing, known to occur in this
system, in an essentially correct way.

INTRODUCTION

Critical phenomena in pure components and mixtures have been
studied intensively since the end of the past century. Pioneering
work in this field was carried out by Van der Waals and Kohnstamm

(1), Bakhuis Roozeboom (2), Timmermans (3) and others. Van der
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Waals in particular has already shown that phase behaviour in fluid
mixtures under supercritical conditions may be quite peculiar for
substances differing much in critical point (4) and he predicted
gas—gas demixing (5), a phenomenon much later experimentally con-

firmed (6,7) in several gas mixtures.

In several fields fluid phase behaviour at supercritical con-
ditions has become technologically important. Nowadays a number of
polymers are manufactured in solvents (or monomers) under super- or
near-critical conditions. A new rapidly expanding field is the ex-
traction of valuable or toxic chemicals from raw materials by means
of supercritical solvents. Review papers on PVT-phenomena in super-
critical fluid mixtures have appeared, e.g., by Schneider (8-10).
The most commonly used solvents are COZ’ HZO and mixtures thereof
and this paper attempts a mean-field lattice-gas description of

these systems.

An obvious feature of phase transformations under near-critical
conditions is the difference in density between phases and its
variation with pressure and temperature. Such situations have been
treated theoretically by Prigogine (11), by Flory (12), by Patterson
(13) and by Simha (14).

Since we are up against large differences in density we prefer
an approach which, apart from having proven its ability to cope
with such situations, has the additional advantage of great simplic-
ity. It has been outlined in principle by Guggenheim (15) and
Trappeniers et al (16,17); Guggenheim developed a rigid lattice
model for mixtures. One of the assumptions in his treatment is the
equality of the partial specific volumes of both constituents in
all fluid phases in equilibrium. This is obviously not so in agas-
liquid equilibrium. By introduction of randomly distributed vacant
lattice sites Trappeniers et al circumvented this problem. The
concentration of holes in the lattice can be varied between zero
(rigid lattice) and 100% (absolute vacuum) and any phase-density

can thus be represented.
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The model is based on the hole theory of the liquid state
developed by Altar (18), Cernushi and Eyring (19), Frenkel (20) and
others. Much later the model was applied to pure components by
Mermin (21) and by Mulholland and Rehr (22). By combining the lat-
tice-gas treatment with Guggenheim's two—component lattice model,
Trappeniers et al were able topredict qualitatively the various fluid
phase equilibria. Similar versions of the model were used by other
authors, i.e., to describe polymer systems (23-25), but until now
quantitative descriptions of the critical phase behaviour have been

very rare.

Engineering types of descriptions (26~28) usually contain a
large number of adaptable parameters and have to assume mixing rules
for mixture parameters. The inherent weakness of such procedures is
brought out by the threefold differentiation involved in the deri-
vation of critical conditions from free enthalpy or free energy

expressions.

In the model we use here the only need for a mixing rule occurs
when an assumption has to be made as to how the molar lattice-site
volume varies with the composition in a mixture. We use the sim-

plist possible version and assume no dependence at all.

In previous work we already showed how Trappeniers' model can
be extended into a quantitative predictive description of fluid
phase behaviour of non-polar (29-30) and polar systems (31) and
mixtures. To achieve this, we have to accept a small number of ad-
justable parameters but retain the simplicity of the model. We
apply the model to the system COZ/HZO’ the solvents used in most

supercritical extractions.

THEORY

The basic equations in the lattice-gas model are quite straight-
forward and have been published elsewhere (29-31). Here we summa-

rize the basic assumptions and some important equations.
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fn a lattice-gas treatment a fluid pure substance is represented
by a lattice composed of occupied and vacant lattice sites (holes)
and can hence be viewed as a binary mixture. The only interaction
to account for exists between the occupied sites and therefore the
holes contribute mainly to the entropy and to the internal energy
only in as much they affect the number of nearest-neighbour contacts
hetween occupied sites. Pressure and temperature changes cause the
concentration of holes to change but the volume per lattice site
(vo) is kept constant. To deal with mixtures later on in the sim-
plest possible way with a minimum of additional assumptions, we
postulate that all sites in a given system shall have the same molar
volume v,. We further assume only nearest neighbour interactions to

play a role.

Te derive the interaction expression for these systems, we fol-
low a suggestion by Staverman (32), later also used by Kanig (23),
and drop the rigid-lattice condition that each site will have the
same number of neighbours (= lattice coordination number). Rather,

. to each kind

we assign a characteristic interaction surface area oj

of site i, Finally, we allow a molecule to occupy more than one

lattice site, say my sites.

Since we aim at describing supercritical systems, the model
should be valid for liquids and gases alike. In this model the
only difference between a gas and a liquid is the hole concentration.
A change in hole concentration however alters the number of contacts
between occupied sites and hance the total internal energy. An ex—

moles of holes with n

pression for the energy (AE) of mixing ng 1

noles of molecules 1 each occupying my sites can be derived straight-

forwardly (29):

-1
;o= L
AE = =) W 10o0,0 1My (OOHO + o My (1)

where Vi is the molar interaction energy per unit contact surface
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area involved in a l-1 interaction. Changing to volume fractions

R . _ -1 _
¢0 and ¢1 of vacant and occupied sites (¢o =1 (no + nymy =1 -
¢1) we can rewrite Eq. (1) into:
N -1
AE/N¢kT =g - oyplde by (-6 (2)
= -l = = - R
where 81 5 wlloo/kT, N¢ n, +om, and vy, =1 ol/co, kT has

its usual meaning,

Supercritical fluids undergo large volume changes upon vari-
ations in pressure. It is therefore convenient to have an expres-
sion for the Helmholz free energy of mixing AF as a starting equa-
tion for other derivatives. To obtain such an expression, we fol-
low the procedure used for strictly-regular systems (15) and add
to AE the usual (athermal) combinatorial entropy of mixing terms.
However, it is well established (33) that the athermal entropy of
mixing expression above generally is not sufficient to fit experi-
mental data. We therefore include an empirical entropy correction
term of the form ¢0¢1 a . By now the lattice has become an ab-
straction serving merely as a framework for convenient derivation

of usable thermodynamic relations.

All this leads to the following expression for the change in
Helmholtz free energy upon mixing ng moles of vacant lattice sites

with 0y moles of substance 1, each of my sites:

¢ gy (1 -7v))
AF At 211 1
N¢ kT B ¢0 In q)O + m]. In q)l + ¢0 cp]- OLl * (1 - Yl(i) 1) (3)

The concentration variable ¢l (=1 - ¢0) is, within the framework
of the model, directly related to the density dl of the system.

For a substance with molar mass M1 this relation is given by:

total mass nl Ml
= = - 4
d1 total volume N¢ v, ¢1 Ml/voml : )
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The equation of state expression for the fluid follows conventionally

from AF:

PV,

o -
RS, + _
T ln(bO (1 m1

1 2 2 -2

0 - Y

oy + o [y ey -2 07 (5)
Py substitution of Eq. (4) this expression can be rewritten in an
equation of state in measurable quantities containing 4 adjustable
parameters. Three of them (vo, gll’Y) do have a physical meaning
allowing their order of magnitude to be estimated; oy is a purely

empirical ccrrection parameter.

Van der Waals (1) already showed that parameters in an equation
of state can be very well determined from the experimental gas-—
liquid critical point. As was shown before (29-31) expressions for
the critical condition and for the spinodal® can be derived easily.

Expressed in volume fractions they read:

-1 -1 2 -3 )
by H(mpe) = 20+ 28,1~ Yl) (1-v6)) (spinodal) (6)
-2 -1, - -4 .
$p T-=m ! b 2. 6g. .Y, (1-y )2(1 - Y¥,4) (critical (7
o 1 1 111 1 171 .
condition)

*Following Trappeniers et al (16) the spinodal for a mixture of

vacant and occupied lattice sites, usually given by (Bp/BV)T N
= 0, is defined by: !

(32 AF) . (az AF) <32 AF)Z _ 0
2 _fF 22T _{ 2_AF =
30, v \2V . 0,0V /.

This expression can be simplified to (29): (BZAF/B¢12)V T: 0.

in a similar way one obtains the critical condition of such a

svstem from (82p/8V2)T N T 0 leading to (29):
it

3 3 _
(378F/09 ")y ¢ = 0
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Interactions between molecules are usually temperature depen-
dent. Until here we assumed 811 to be constant, but it is better to
let experimental data determine what the temperature dependence of
Y1y (and hence gll) will be. For the substances considered here
gas—liquid equilibrium pressure and volumes of both phases are
known at several temperatures. We use some of these data to estab-

lish the temperature dependence of g11°

In the present model a gas-liquid equilibrium is completely
determined by the equality of the pressures and of the chemical
potentials of sites 1 in both phases. The latter equality leads to
(29,30):

1 ' U 1 r 2 v 20
o Inéy + 6, (1 —;n—l) b {u + gll(T)(l—Yl)(l—(lcbl) } =

1 1

1 " n 1 "2 n2 8)

2 . - — - -

my Ing, + ¢, (1 ml) + 4 { ap g (MDA - v@A = v6) }
where ' and " are the phases in equilibrium.

A similar expression is obtained by substitution of Eq. (5) into
the additional equilibrium condition: p' = p". With these two
equations, together with Equation 5, one can calculate the compo-
sitions and thus the densities of both phases. On the other hand
these equations can also be used to establish the temperature

dependence of g..(T) and the value of v. or m, from experimental
11 o

1

phase densities at given o, and Y

1

Binary Mixtures

In the present version of the lattice-gas model a binary mix~
ture is represented by a ternary system composed of sites 1, sites
2 and a single kind of vacant lattice sites, all with the same vol-
ume per site vo. We thus have three concentration variables (¢0,
¢1, ¢2) and three kinds of interactions (1-1, 2-2, 1-2). Parameters

describing the 1-1 and 2-2 interaction are obtained from data on
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the pure substances; only the 1-2 interaction calls for extra exper-

imental information on the mixture.

The Helmholtz free energy expression for a mixture can be de-

rived in a similar way as for a pure substance (29) and reads:

AF B $1 b2 -1
NRD T fo Mo Ty g Ay Tl ¢1{“1 ey vy }

-1 ~1
+ ‘bo“’z{ ay * By (l-y)g } ooty {"‘12 HESTACREE }
%01 %1 7 802 P02 *2 (9)

e N = " - _ _ . .
where N¢ no nlm1 + n2m2, q 1 y1¢1 Y2¢2 The last two

terms of Eq. (9) arise from AF standing for the change in free ener-
gv of mixing system T (= constituent 1 + holes) with system IT (con-
stituent 2 + holes) where the compositions ¢01 and ¢02 of systems

L and IT are independent of the composition in the mixture.

These two terms do not concern us since they do not show up in
spinodal and critical conditions and cancel in gas-liquid equilib-
rium expressions. It is worthwhile to compare Eq. (9)(mixture)
with the corresponding expression (5) for the single substances 1i.
The values of oy, gii’ Yio My occurring in Eq. (9) are not affected
by the mixing, the latter process being expressed in @9 and 81

only, with no new y value being needed.

The simplicity of Eq. (9) obviously arises from the simple
model assumptions which need to be justified by the applicability

of the procedure.

The pressure expression for a mixture reads:

L3, + by T ay0)(8] + 8y

_ bvo o 4 _
= Ing_ + (1 m1)¢1 + (-

+{gu(l v F By (l - v, } (q - <150)<1_2

-2
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Expressions for chemical potentials, spinodal and critical condition
can be derived from Eq. (9) and are listed in Ref. 29. The volume

fractions ¢o’ ¢ and ¢2 are convenient variables the introduction of

1
which involves the simplicity of the final equations. In experi-
mental practice, however, one has to do, e.g., with the two mole
fractions in a binary system. They are related to the 'model'

volume fractions by:

xy =1 -3 = (L+ omy/o,m)" an

This expression allows a return to physically relevant variables at

any moment in the calculation.

APPLICATION OF THE MODEL TO COZ/HZO

In Fig. la, b it is shown that both pure CO2 and H20 can be
described fairly well by the model over quite a temperature and
pressure range. In the derivation of the parameters we used the
experimental gas-liquid critical point and some gas-liquid equilib-
rium densities, at given pressures and temperatures, as reported in
literature (34). Since we postulated that v, should be the same
for all sites in the mixtures, the derivation of the parameters of
both HZO and CO2 wai carried ocut for the same, arbitrarily chosen
value of v, = 25 em” /mole. The procedure for the calculation of
the parameters is as follows. For an estimated value of oy the
critical point is fitted with Egs. (5), (6), and (7) leading to

values for a The temperature dependence of g11

, Y, and g .
1 1 Il pie
is obtained from some equilibrium demsities using Eqs. (5) and (8)
for both phases. Assuming &1 to have to show the usual linear
dependence on T-l, we repeat the calculation varying my until the
best achievable fulfillment of this condition is reached. The

values of the parameters so obtained are given in Table 1.
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TABLE 1

Values of the Interaction Parameters

CO2 HZO Mixture
o | 1.1401 1.5467 0.92
y 1-1.6368 ~2.469 o | - 3
g {-1.1199 + 468.25/T —0.5473+297.1/T+3x105/r -56.8626+56.8x107 /T~
-129x105/72
m|1.25 0.72 -
v,| 25 25 25

Better agreement between data and description than the present
one can be achieved by a simultaneous fitting of all existing exper-
imental PVT-data of a system. This involves a more sophisticated
computer program which is now being developed. All calculations

shown in this paper were carried out on a desk-computer (HP 9830).

Having determined the values of the parameters of the pure
constituents of a mixture, we can now try to describe the PVT-be-
haviour of the mixture itself. As was shown for polyethylene/
ethylene and CHA/CO2 such a description can be obtained with param-
eters derived from binary critical points (29). To this end the
binary mixture expressions for spinodal and critical condition

analogous to Egs. (6) and (7) are used.

Experimental binary critical points and gas-liquid equilibrium

densitieg at given temperature and pressure for the system COZ/HZO

FIGURE 1. PVT-diagrams for indicated temperatures (in K) for CO
(a) and HZO (b).

Experimental data (34) ——=—- smoothed isotherms
. gas—1liquid coexistence
4 critical point

2

isotherms
—+—-— gas-liquid coexistence

Calculated
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P, MPa 1

300+

2004

1004

H0 02 04 06 —=w, CO,

Curves of the experimental compositions of the gas-liquid
equilibrium (at low pressure, curves 1-5) and the gas-gas
equilibrium (at high pressure, curve 5) at the indicated
temperatures (34) for the system CO /H20; e critical
points. At 266°C the critical poin%s of the gas-liquid
and the gas-gas equilibrium region coincide, to form at
lower temperatures a continuous demixing region up to
very high pressures (curves 6 and 7).

are reported in the literature (34). Fig. 2 shows some of the

existing data. The system shows gas-liquid equilibria but also

pas-gas equilibria of the second type (35) at high pressures and

temperatures around the critical temperature of water. We use

only some critical points of the gas-liquid equilibrium range of
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COZ/HZO to derive the values of the two binary interaction parameters
%12 and ng(T). From the critical pressure, temperature and
composition is it quite straightforward to calculate the critical
composition in lattice site volume fractions and the two binary
parameters at that temperature using Egqs. (10) and (11) and the ex-
pressions for spinodal and critical conditions of a mixture. The
values of %5 and gy, were determined at three different critical
temperatures (and of course also different pressures and compo-
sitions). The value of g12 proved to be temperature dependent; u12

was hardly affected by temperature. The values of £12 and oy, are

2
given in Table 1.

Having derived the values of the binary interaction parameters,

we can calculate the complete ternary phase diagram with the derived

holes

co, H,0

FIGURE 3. Calculated ternary lattice gas representation of gas-
liquid and gas-gas equilibria for the system H20/C02.
Temperatures are as indicated in Fig. 2.

————— spinodals
————— critical line
gas-1liquid and gas-gas coexistence
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FIGURE 4.
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] ]
p, MPa | . IE :
i 1 '] '
) 1¢]] |
300 o
0 | 1 |
! )
7 g -%
| | 1
! It 1
U |
|
oL
2004 | |
]
!
|
I
I
I
I
1
100 -
H0 02 04 06 —=w, CO

Phase diagram of the system CO»/H0, derived from the
calculated lattice-gas representation (Fig. 3). The
calculated behaviour is in good agreement with the
experimental findings (Fig. 2). The gas-gas demixing
region is predicted within experimental error. For
simplicity only spinodal curves are shown at temperatres
6 and 7. Temperatures are as indicated in Fig. 2.

gas—1liquid and gas-gas equilibrium compositions
————— spinodals
[ critical points
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expressions for the critical line and the spinodal. The compositions
of the coexisting phases are calculated with the expressions for the
equality in chemical potentials in both phases for CO2 and for HZO
together with the relation derived from p' = p" and with Eq. (10).
Figure 3 shows some 'ternary' lattice-gas representations of
COZ/HZO mixtures in the pressure and temperature ranges of 0-4000
bar and 250-350°C. It is seen that the calculation based oncrit-
ical liquid-gas data predicts gas-gas equilibrium of the second
kind to occur. This prediction turns out to be in surprisingly
good agreement with the experimental data. A quite similar sit-

uvation was encountered with the system CH4/H20 (31).

The ternary lattice-gas representation of the phase behaviour

can be converted into the usual binary P-x, or T-x, diagrams with

Eq. (11). Fig. 4 shows the P-w, (mass fraition) piot for COZ/HZO
obtained from Fig. 3. To be comparable with Fig. 2 we converted
the mole fraction into the mass fraction v, in the usual way. Al-
though the calculated phase-diagram does not completely fit the
experimental findings, one may say that the agreement is quite
satisfactory, especially because only three experimental points of
the phase diagram were used as information. Better agreement can
doubtless be achieved upon fitting all existing PVI-data of the
mixture. For the moment the objective was to illustrate that even
with a simple model, scarce information, and simple computer facil-
ities an essentially correct description and prediction of PVT-

behaviour of binary fluid systems is obtainable.

DISCUSSION

In the past, several variants of the lattice-gas model have
been applied but complete quantitative agreement between description
and experiment has rarely, if at all, been achieved--particularly
in the gas-liquid critical region. We believe that there are two

important reasons why we come closer to a quantitative treatment:
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i)} we use identical vo—values for all sites in a mixture and thus
avoid detailed mixing rules for Ve that may lead to greatly uncer-
tain terms in higher derivatives of the free energy with respect to
the composition of the mixture. Of course, our assumption can be

viewed as a special form of a mixing rule.

ii) the introduction of characteristic interacting contact surface
areas leads to a versatile expression for the internal energy of

nixing.

In the present treatment the mathematical expressions are quite
simple and also allow calculation of values for the adjustable
parameters in cases where only scarce data are available. The most
suitable data are critical data and, in addition, some liquid-gas
equilibrium densities or compositions. Sometimes critical data are
not available, e.g., because the system decomposes before reaching
critical conditions. Then more non-critical data, like liquid
density as a function of pressure and temperature, may serve to
determine the parameters in Eq. (3). We have recently found this
approach to work quite well with a substance like molten poly-
ethylene, yielding parameter values that could be used successfully
to predict lower critical phase behaviour of polyethylene in sol-

vents like ethylene and n-paraffins (30,36).

One point of further research exists with an investigation of
other thermodynamic data (specific heat, heat of vaporization, ex-

cess volume) as a basis to calculate adjustable parameters.

SYMBOLS
AE = Energy of mixing
AF = Helmholtz free energy of mixing
R = Gas constant
T = Temperature
v = Volume

gjj = i - j interaction parameter
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10.

11.

12.

13.

= Boltzmann's constant

= Number of lattice sites in molecule i

= Number of moles i

= Pressure

= Mole fraction of 1

= 1 - j molar interaction energy per unit contact surface area
= Volume per lattice site

= Empirical entropy correction

= (1 ~ oi/oo), parameter

= Characteristic interaction surface area of sites i

= Volume fraction of sites i
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